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ABSTRACT. We show that compactly supported functions with sufficient smoothness and enough
vanishing moments can serve as analyzing vectors for shearlet coorbit spaces. We use this approach
to prove embedding theorems for subspaces of shearlet coorbit spaces resembling shearlets on the
cone into Besov spaces. Furthermore, we show embedding relations of traces of these subspaces
with respect to the real axes.

1. INTRODUCTION

One of the most important tasks in applied analysis is the analysis of signals which are usually
modeled by (real or complex valued) functions. The first step is always to decompose the signal
with respect to suitable building blocks. There are by now many different ways to choose these
building blocks. Most prominent examples are the Fourier, the wavelet and the Gabor transform,
respectively. All these different transforms have their advantages and drawback, which one to
choose depends on the application and on the specific information one wants to extract from the
signal. However, for many applications, in particular in image analysis, the wavelet transform is
very often the method of choice. Indeed, wavelets are very well suited for piecewise smooth signals
with isolated singularities, for in this case the wavelet expansion turns out to be quite sparse which
gives rise to very efficient compression strategies. Unfortunately it has been observed that the
detection of directional information by wavelets is difficult or at least not very efficient. Therefore,
in recent years, much effort has been spent to design directional representation systems such as the
curvelets [3], the ridgelets [2] and also the shearlets [14] (This list is clearly not complete). Among
all these transforms, the shearlet transform stands out since it stems from a square-integrable group
representation. This has been clarified in [5] where the underlying group, the full shearlet group, has
been established. This pure group theoretical approach to shearlets has some important advantages.
In particular, it is possible to derive canonical smoothness spaces associated with the shearlet
transform. The basic tool to do this is provided by the coorbit space theory derived by Feichtinger
and Grochenig in a series of papers [8, 9, 10]. Under certain additional integrability conditions, the
smoothness spaces related with a square-integrable group representation are defined by the decay
of the associated voice transform. This technique is quite universal, and the classical smoothness
spaces such as Besov and modulation spaces can be interpreted as coorbit spaces associated with
the affine group and the Weyl-Heisenberg group, respectively. Moreover, the coorbit space theory
provides a very general discretization technique which produces atomic decompositions and Banach
frames for the coorbit spaces.

In [6], it has been clarified that the coorbit theory is indeed applicable to the full shearlet group.
Moreover, in [7], a natural generalization to arbitrary space dimensions has been derived.
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However, once these new smoothness spaces, the shearlet coorbit spaces, are established, some
natural questions arise. How do these spaces really look like? Are there ‘nice’ sets of functions that
are dense in these spaces? What are the relations to classical smoothness spaces such as Besov
spaces? Do there exist embeddings into Besov spaces? And do there exist generalized versions of
Sobolev embedding theorems for shearlet coorbit spaces? Moreover, can the associated trace spaces
be identified? In this paper, we provide some first answers to these questions. We concentrate on
the two-dimensional case, and we show that

e For large classes of weights, variants of Sobolev embeddings exist;

e for natural subclasses which in a certain sense correspond to the ‘shearlets on the cone’
[17], there exist embeddings into (homogeneous) Besov spaces:

e for the same subclass, the traces onto the coordinate axis can again be identified with
homogeneous Besov spaces.

Our approach heavily relies on atomic decomposition techniques. Recall that the coorbit space
theory naturally gives rise to Banach frames, and therefore, by using the associated norm equiva-
lences, all the tasks outlined above can be studied by means of weighted sequence. In particular,
based on the general analysis in [15], quite recently this technique has been applied to derive new
embedding and trace results for Besov spaces [19]. The analysis presented in this paper was partially
inspired by this thesis.

To make this approach really powerful, it is very convenient and sometimes even necessary to
work with compactly supported building blocks. In the shearlet case, this is a nontrivial problem,
since usually the analyzing shearlets are band-limited functions. For the specific case of shearlets
on the cone, quite recently a first solution has been provided in [16]. We refer to the overview
article [18] for a detailed discussion. Since the shearlets on the cone do not really fit into the group
theoretical setting, we provide a new construction of families of compactly supported shearlets in
this paper. We show that indeed a compactly supported function with sufficient smoothness and
enough vanishing moments can serve as an analyzing vector for shearlet coorbit spaces.

This paper is organized as follows: We start by introducing the shearlet group in Section 2. In
Section 3 we consider shearlet coorbit spaces, their atomic decompositions and shearlet Banach
frames. We show that compactly supported shearlets can be used as analyzing vectors for these
spaces, in particular there exist compactly supported shearlets within so-called ’better’ sets used to
define atomic decompositions. Finally we prove that the Schwartz functions are dense in our shearlet
coorbit spaces. Section 4 deals with relations between shearlet coorbit spaces and Besov spaces.
After recalling the general characteristics of homogeneous Besov spaces we prove embeddings of
traces of certain subspaces of shearlet coorbit spaces on the real axes into (sums of) onedimensional
Besov spaces. Finally, we show that these shearlet coorbit subspaces are themselves embedded into
(sums of ) Besov spaces of appropriate smoothness.

2. THE SHEARLET GROUP

In this section, we provide the basic notation and results about the shearlet group and its square
integrable representations including the corresponding admissible functions, the so-called shearlets.
For a € R* := R\ {0} and s € R, let

Sl ) IS

denote the parabolic scaling matriz and the shear matriz, respectively, where sgn (a) denotes the
sign of a. The (full) shearlet group S is defined to be the set R* x R x R? endowed with the group
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operation
(a,s,t)(a', s, t") = (ad', s + s'\/]a|,t + SsAut’).

A left—invariant and right-invariant Haar measures of S is given by

Hs, 1 = d—adsdt and pus, = @dsdt,
T af " al
respectively and the modular function of S by A(a,s,t) = 1/[al?>. In the following, we use the
left-invariant Haar measure pus = us;. Let L;, R, denote the left and right translations by = € S,
ie., LyF(y) = F(z~'y) and R, F(y) := F(yx).

Recall that a unitary representation of a locally compact group G with the left—invariant Haar
measure g on a Hilbert space H is a homomorphism 7 from G into the group of unitary operators
U(H) on H which is continuous with respect to the strong operator topology. For the shearlet
group the mapping 7 : S — U(L2(R?)) defined by

_3 1o _3 1 sgna
wla,5,0) () 1= o3 (4718 e — 1) = JalH < (o1 =11 = a2 = 1), B —t2>>
a
(1)
is a unitary representation of S, see [5, 6]. In the following, we use the abbreviation 1, s =
m(a,s,t) 1. Let the Fourier transform be defined by

Ffw) = flw)= f( Je 2] dy

=

Then straightforward computation yields
@ays,t(w) = \a|%e*2m’t”@@ (A7 Sfw) = ]a\%e*%it“’i/; (awl,sgn (a)\/|a|(sw1 + w2)> . (2)
A function ) € Ly(R?) is called admissible, if

[ 1 m(ayw)Pausa) < .

If a unitary representation 7 is irreducible and there exists at least one admissible function ¢ €
Lo(R?) then 7 is called square integrable.

The following result from [6] shows that the unitary representation 7 defined in (1) is a square-
integrable representation of S.

Theorem 2.1. A function ¢ € Lo(R?) is admissible if and only if it fulfills the admissibility

condition

Cw = // |¢ wl’WQ du)g dwi < 0. (3)
Then, for any f € L*(R?), the following equalzty holds true:

L6 ) P ams(as.8) = € IS (4)

In particular, the unitary representation 7 is irreducible and hence square-integrable.

A function ¢ € Ly(R?) fulfilling the admissibility condition (3) is called a continuous shearlet.
The transform SHy, : La(R?) — Lo(S) defined by

SHd,f((% S, t) = <fa ¢a,s,t> (5)
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and is called Continuous Shearlet Transform. The admissibility condition is important, since it
implies a resolution of identity that allows the reconstruction of a function f € Lo(R?) from its
Continuous Shearlet Transform.

3. SHEARLET COORBIT SPACES FROM SHEARLETS WITH COMPACT SUPPORT

3.1. Shearlet Coorbit Spaces. Let w be a positive, real-valued, continuous submultiplicative
weight on S, i.e., w(gh) < w(g)w(h) for all g,h € S. To define our coorbit spaces we need the set

Ay = {1 € Ly(R?) : SHy(¢) = (¥, 7(-)) € Liw}-
of analyzing vectors. In the following, we assume that our weight is symmetric with respect to the
modular function, i.e., w(g) = w(g~1)A(g!). Starting with an ordinary weight function w, its
symmetric version can be obtained by w#(g) := w(g) + w(g~1)A(g~1). Moreover, it was proved in
Lemma 2.4 of [8] that A, = A, .
We want to show that A, contains shearlets with compact support. To this end, we need the
following auxiliary lemma which is a modification of Lemma 11.1.1 in [11].

Lemma 3.1. Forr > 1 and a > 0, the following estimate holds true

I(z) = /(1 )T (4 alz—t) T dt < C <i(1 Flal) T+ (1 + a\$|)_T> .
R
Proof. Let
Ny = {teR:\t—ﬂ g‘;’}, NE = {teR: |t—x|>’§’}.

Then we obtain for t € N by |z] — [t| < |t — x| < |z|/2 that [t| > |z|/2 and consequently

-7
(1+1t) "< (1 + ’g‘) <21+ |z)7".
Now the above integral can be estimated as follows:

I(z) = /(1+|t|)—r(1+a|x—t|)—rdt+/c(1+|t|)—7"(1+a|x—t|)—rdt

< 27'(1+|x\)—’"/ (1+ayx—t|)—7'dt+(1+a|"”|> /(1+\t\)_’"dt
N, 2 Ne

1
< 2Ta(1+|xy)—r/(1+|u|)—rdu+2’"(1+a|x|)—r/(1+\t)—rdt.
R R
This implies the assertion. O

Let Qp := [-D, D] x [-D, D]. The following theorem shows that A,, contains shearlets with
compact support.

Theorem 3.2. Let ¢(x) € Lo(R?) fulfill suppv € Qp. Suppose that the weight function satisfies
w(a, s,t) =w(a) < la| =P + |a|P? for p1,p2 > 0 and that

; |wr|" 1

wi,wo)| < C 6

Vel S Ol T el 0

with n > max(%+p2, 24p1) and r > n+max(L+p2, §+p1). Then we have that SHy(¥) € L1,u(S),
i.e.,

Laﬂwww@m@m@<m.
S
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Proof. First we have by the support property of ¢ that SHy,(¢) = (¢, 1q,5,+) # 0 requires (z1,z2) €
@p and

sgna

-D

IN

(:ngtg) S D,
|al

-D

IN

(fL‘l — tl — S(CL‘Q — tg)) S D.

SHN

Hence (1), 1q,5+) # 0 implies that

~D(1++/]a]) < ta < DA+ +/]a),
—D (14l + s+ Vi) <t < D(1+lal +Isl2+ VaD))

Using this relation we obtain that

2 da
IS/R*/RALD (14 V/al) (1+\al+|s|(2+\/m) [ Yas)| dsw(a) g

Next, Plancherel’s equality together with (2) and the decay assumptions on ¥ yield

P da
¢ [ [+ VIaD (1+lal+ a1+ VD) 16Dl ds wla)

IN
VAN

A

~
AN

da
|al?

IN

c// 1+ Jaf3 + Ja] + Jal? +]s12 + 3lal} +a) | J(a, ) dsw(a)
R* JR

ps(lal®) pa(jal?)
where |SHy(a, s,t)| < J(a,s) and

7 R (14 |wi])" (1 + Jwel)” (1 + |awi )" (14 /]a] [sw1 + wa|)"

/ |w1‘n jaw |” / L ! dwadw
r (14 |wi1])” (1 +Jawi])” Jr (1 + |w2))" (1 4 \/]a] |sw1 + wa|)" '

The inner integral can be estimated by Lemma 3.1 which results in

n n
J(a,s) < Cla["+ / ol i L

R<1+rw1\>r<1+1aww(ﬂm\swl\ e ) dor (0

Now we obtain

n—i jwr [ 1
C(/*//!a\ T (p3 + |s|p2) L+ )" (L + Jawn])" (1+!sw11)r dsdwiw(a)da

|w1|2n
a1 + s dsdwiw(a)da | .
o b O ) R T e @
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Since the integrand is even in wi, s and a this can be further simplified as

2n

I'=¢C (/OOO @i ps(Va) /Ooo (1 +w1)C:(11 + awy)" /OOO (1 +1sw1)7" dsduw(a)da

2n

+/OO a”_%pQ(\/a) /00 “1 /OO i dsdwiw(a)da

0 o (I+w) (I+aw) Jo (14 sw1)"

+/OO a"*%pg)(\/&) /00 Wi /OO ! dsdwiw(a)da
0 o (I+w) (I+aw) Jo (1+Vasw)"

w%n

+ /OOO @ ipa(Va) /Ooo (14 w)"(1 + awr)” /OOO (1+ \;55011)7" deMU}(a)da) .

Substituting ¢ := sw; with dt = wj ds in the first two integrals and t := \/asw; with dt = \/aw, ds
in the last two integrals, we obtain for r > 2 that

00 w2n—1 o u 1
I < e B n—1il 1
< C </0' (1 + Wl)T /0 a 4 p3(\/a) (1 i GWI)T w(a)dadw1
o) w%n—Q 00 o u 1
Tl Trerd © p2(Va) g w(a)dadw,
0 0

1+w (1 —i—awl)?“

o) 2n—1 o)
wl n—Ll 1
n g —— w(a)dad
/o (1+w1)’”/0 a p3(\/a)(1+aw1)’“ w(a)dadw,

0 2n—2 o)
Wi n—13 1
+ /0 o /0 a4 p2(\/a)7(1 e w(a)dadw1> )

Substituting b := aw; with db = wida and bounding w accordingly we conclude further that

n+%+p1

11
o 00 b pr— 1 —p1
I < C 1/ — | ———dbd
- /0 (1 —i—wl)’” 0 b3 ( w1> (1 _|_b)r wi

o0 n_l+p1 o0 TL—Q—
wy * / b b2
+ —_ — dbd
/o tw) Jo ¥ w1> (T+oy T

0o wn+i+p1 00 b
+ / 1 / D2 —
o (I+w)" Jo w1
3_
Y
o (I+w)" Jo
) w?*i*m 00
+ -
/0 (I+w1)" /0 b2
%) n+%—p2 00 b bn—ﬁ—i—pg
+ / wl/ po ()2 ) S dbdun
o (I+w)" Jo wi | (1+0)"
Regarding that py € Ilg, k = 2,3 we see that the integrals are finite if n > max(% + p2, % + p1) and
r>n+ max(% + pa, % + p1). This finishes the proof. O
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For an analyzing vector ¢ we can consider the space

Hiw = {f € La(R2) : SHy(f) = (f,m(-)) € L1u(S)}, (8)
with norm || f|l3, ,, = [[SHy fllL, . (s) and its anti-dual H{7,,, the space of all continuous conjugate-

linear functionals on Hy ,,. The spaces H1 . and HY ' Are T-invariant Banach spaces with continuous

embedding Hy,, — H < HT,,. Then the inner product on Lo (R?) x Ly (R?) extends to a sesquilinear
form on HY w X Hi w, therefore for Y € Hiw and f € HYY w the extended representation coefficients

SHl/f’(f)(a: S, t) = <f7 7T(a, S, t)¢>7‘ll~7w><7'l1,w

are well-defined.
Let m be a w-moderate weight on S which means that m(zyz) < w(z)m(y)w(z) for all z,y, z € S.
For 1 <p < oo, let
Ly m(S) := {F measurable : Fm € Ly(S)}.

We are interested in the following Banach spaces which are called shearlet coorbit spaces

SCpm =S € Hiw : SHy(f) € Lpm(S)},  [[fllscpm = ISHuf L, m(s)- 9)

Note that the definition of SC,,, is independent of the analyzing vector ¢ and of the weight w in
the sense that @ with w(g) < Cw(g) for all g € S and Ay # {0} give rise to the same space see [8,
Theorem 4.2].

In applications, one may start with some sub-multiplicative weight m and use the symmetric
weight w := m# for the definition of A,. Obviously, we have that m is w-moderate.

3.2. Atomic Decompositions and Shearlet Banach Frames. To construct atomic decompo-
sitions and Banach frames of our shearlet coorbit spaces the following better subset B,, of A, has
to be non-empty

Bw = {¢ S LQ(R2) : SHw(dJ) S W(C(),Llﬂu)},
where W(Cy, L1 4) is the Wiener-Amalgam space

W(Co, L1 w) :=A{F : [(Lex@)Flloo € Liw}  [(Lexe)Flloe = SGHPQ\F(Z/)!
YyET

and Q is a relatively compact neighborhood of the identity element in S, see [13]. Note that
in general B, is defined with respect to the right version W#(Co, L1 4,)) := {F : [[(ReXQ)F|lco =
sup,cgr—1 |F(y)| € L1,w} of the Wiener-Amalgam space. Regarding that SHy(¢)(g) = SHy(g~)

and assuming that Q = O~ ! both definitions of B,, coincide.

Corollary 3.3. Let 1(z) € L2(R?) fulfill suppv € Qp. Suppose that the weight function satisfies
w(a, s, t) =w(a) < |a|~P* + |a|’? for p1,p2 > 0 and that

|ewr|™ 1
(1 Jwi)" (1 + |wa])"
for sufficiently large n and r. Then we have that ¥ € By,.

[(wr,we)| < C

(10)

Proof. To keep technicalities at a reasonable level, we restrict ourselves to the case w = 1. Let
Q=091c [é, a] x [—0,0] X Q-, where a > 1, 0,7 > 0. In the following, we restrict our attention
to group elements of S with a > 0 and s > 0. The other cases can be deduced in a similar way. Let
(ag, Sq,tq) € Q and

t1+ atg1 +Vastyo
(CLI, S/,t/) ‘= (a’ s,t)(aq,sq,tq) = <aaq78 + Sq\/aa < to ?}_ \/atqg ' >> .
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We are interested in

G(a,s,t):=  sup |SHypo(d, s, t)|
(aq,8q,tq)EQ

As in the proof of Theorem 3.2 we have that SHy(d', s, t) is zero if ¢’ does not fulfill

1 /
-D S \/a($2_t2) S D,
1
-D < ;($1—t,1—8/(332—t/2)) < D,

where x € Qp. By definition of a/, s’,#' this implies that

To — \/51&%2 —D\/aga < ty < w9 — ﬁtq,g + D, /aq4a,
r—Daag < t1 < r+ Daag,
where 7 := 21 —atg1 —vastye — (s+sqv/a)(xe —ta —y/aty 2. By definition of Q we conclude that
G(a, s,t) becomes zero if ¢ is not contained in
—C(1++va) < ty < C(1++a), C := max{D, D(vVa+ T},
—Py(va) —sPi(va) < ti < P(va)+sPi(Va),

where Py € Il are polynomials with nonnegative coefficients depending on «, ¢ and 7. As in the
proof of Theorem 3.2 we conclude that |SHy(d',s',t")| < C J(d',s"), where

|W1’2n

d,s) = (a)""1 ! ! w
10t) = @ [ ety (eaa e * G vaeer)

= (aa )"+i/ o[ ( 1 > dwq
I R (14 [wi])"(1 + |aagw1])" \ \/aaq (1 + |5 + sqv/al|wi|)"

§ Ay (o )
+ aa n+4/ du} .
(@aa)™ | A o) (@ + Jaagen)” \ L+ yaag s + sqvalar) )

For 0 < s < 20+/a we use the estimate |s + sqv/al > 0 to get

3 1 |W1|2n
G(a,s,t)] < Ca™ti ( + 1) / dwi.
Gl o) va R (L+|wi])7 (5 + lawi )"

For s > 20y/a we have that |s + s4v/a| > |s|/2 and consequently

|2n
dwi.

1 1
G(a,s,t)] < C’a""'i/ [ +
G, s, 1) e Tt o)t \Va@ 1 skl T @+ valsllonl)y

If the following integral is finite, then we can conclude that G' € Ly ,:
da

I = /Ga,s,t dtds —=
[ (6(a. 0.l deds o

IN

oo fr2ov/a da
C /0 /0 (p3(Va) + sp2(v/a)) [Gla, 5,0) ds =5

da
37

+ C/OO /00 (p3(vVa) + sp2(va)) |G(a, s, t)|ds —
0 Jaoya a
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where p3(v/a) = (1 + a)Py(y/a) € Il and pa(v/a) := (1 + /a)Pi(y/a) € II;. By the above

estimates of G this can be rewritten as

w2n
I < C/ / Va) + p3(Va)) (Va+ 1)(1+w> (17+aw1)r da dwy
_ win 1
+ C’/ / / )—i—sm(\f)) (Itwr) (7 ) 2+ o) dadsdw
win 1
+0/ / / Va) + sp2(vVa)) AT o (o) E 5 vasn) dadsduwr,

where p3(y/a) := 20+/apa(y/a) € II3. The two later integrals can be estimated as in the proof of
Theorem 3.2 with p; = p2 = 0 and the first integral by

he o[ /‘” S T
L= —I—wl b4 w1 (é—l—b)r wi

where ps(v/a) = (ps(v/a) + p3(v/a)) (Va+1). This integral is finite for n > 2 and r > n + 9. This
completes the proof. O

A (countable) family X = {(a;, $i,t;) : i € I} in S is said to be U-dense if Ujer(ai, si, t;)U =S,
and separated if for some compact neighborhood @ of e we have (a;, s;,t;)QN(aj, sj,t;)Q = 0,1 # 7,
and relatively separated if X is a finite union of separated sets. Let o > 1 and 0,7 > 0 be defined
such that

1
[—, ) X [-0,0) x Q, C U. (11)

a

Then it was shown in [6] that the set
X = {(Ga_j,U@_j/Qk,Sa_a—j/2kAa—j7—l) jEL kel ec{-1,1}} (12)

is U-dense and relatively separated. For g € S, let
oscy(g) = sug |[SHy(ug) — SHet(g)|.
ue

The following theorem from [6] shows that the functions in our shearlet coorbit spaces possess
atomic decompositions.

Theorem 3.4. Assume that the irreducible, unitary representation m is w-integrable and let an
appropriately normalized ¢ € B,,. Choose a neighborhood U of e so small that

loscr [z, < 1. (13)

Then for any U-dense and relatively separated set X = {(a;,s;,t;) : i € I} the space SCp, has the
following atomic decomposition: If f € SCp ., then

f= ZcZ m(ag, i, ti), (14)

€L

where the sequence of coefficients depends linearly on f and satisfies

1(ci(F))iezllepm < Cllfliscpm (15)
with a constant C' depending only on v and with £y, ., being defined by

lpm = {c = (ci)iez : |lcllgy, = llemlle, < oo},
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where m = (m(as, $i,ti));c7- Conversely, if (ci(f))iez € Lpm, then f =3,z cim(as, si ti)Y is in
SCpm and

1fllscpm < Cll(ci())iezlle, - (16)

Given such an atomic decomposition, the problem arises under which conditions a function f
is completely determined by its moments (f, 7(a;, s;,t;)1), i € Z and how f can be reconstructed
from these moments. This is answered by the following theorem from [6] which establishes the
existence of Banach frames.

Theorem 3.5. Impose the same assumptions as in Theorem 3.4. Choose a neighborhood U of e
such that

loscu (|, u(s) < 1/ NSHe (W)L (5)- (17)

Then, for every U-dense and relatively separated family X = {(a;, si,t;) : i € I} in S the set
{m(a;, s, t;)Y - i € T} is a Banach frame for SCp,,,. This means that

i) f € 8Cpm if and only if ({f, (@i, 50,0}z w0 ) € by
’ K3
ii) there exist two constants 0 < D < D' < oo such that

D[ fllscpm < I({fsm(ais sis ti) ), sy 0)iezllepw < DN FllsCpms (18)

iii) there exists a bounded, linear reconstruction operator R from Ly, to SCp, such that

R (((f, ¥(as, Si,ti)¢>H;wa1,w)iez) = f.

4. STRUCTURE OF SHEARLET COORBIT SPACES

4.1. Atomic decomposition of Besov spaces. Let us recall the characterization of homogeneous
Besov spaces By, from [12], see also [15, 20]. For inhomogeneous Besov spaces we refer to [19].

For a > 1, D > 1 and K € Ny, a K times differentiable function a on R? is called a K-atom if the
following two conditions are fulfilled:

A1) suppa C DQjm(R?) for some m € RY,
where Q;m(R?) denotes the cube in R? centered at a/m with sides parallel to the coor-
dinate axes and side length 2a77.

A2) |DVa(z)| < alV for |y| < K.

Now the homogeneous Besov spaces can be characterized as follows.

Theorem 4.1. Let D > 1 and K € Ng with K > 1+ [o] be fized. Let 1 < p <oo. Then f € By,
if and only if it can be represented as

F@) =" A Daju(), (19)

JE€EZ €74
where the a;; are K-atoms with supp aj; C DQN(Rd) and
(o_d . ay:
IFllzg,, ~nf (3 oD MGOP)?)”
JEZ lezd

where the infimum is taken over all admissible representations (19).
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In this section, we are mainly interested in weights
m(a, s, t) =m(a) == |a|"",7 >0
and use the abbreviation
SCpr i =SCpm.-
For simplicity, we further assume in the following that we can use 0 = 7 = 1 in the U-dense,
relatively separated set (12) and restrict ourselves to the case e = 1. In other words, we assume
that f € SCp, can be written as

f@) = D3N ek rla ™, 0072k, S, 52 Ag-i ()

JEZ kellez?

= Z Z Z c(g, k, l)a%jqb(ajxl — & Pkxy — Iy, 0y — 1y). (20)
JEZ kel 1€72
To derive reasonable trace and embedding theorems, it is necessary to introduce the following
subspaces of SCp, .. For fixed ¢ € B,, we denote by SCC,, - be the closed subspace of SC,, ;- consisting
of those functions which are representable as in (20) but with integers |k| < a//2. As we shall see in
the sequel for each of these v the resulting spaces SCC,,, embed in the same scale of Besov spaces,
and the same holds true for the trace theorems.

4.2. A Density Result. In most of the classical smoothness spaces like Sobolev and Besov spaces
dense subsets of ‘nice’ functions can be identified. Typically, the set of Schwartz functions S serves
as such a dense subset. We refer to [1] and any book of Hans Triebel for further information. By
the following theorem the same is true for our shearlet coorbit spaces.

Theorem 4.2. Let
2a

So::{fGS:\f(w)\<<1+cﬁi)”2)2aVa>0}

and m(a,s,t) = m(a,s) := |a\r(ﬁ + |a| + |s])™ for some r € R,n > 0. Then the set of Schwartz
functions forms a dense subset of the shearlet coorbit space SCp .

Proof. As in [6, Theorem 4.7] it can be shown that Sp is at least contained in SC),,,. (Note that
in [6] the weight (|}T| + |a|)’"(ﬁ + |a| + |s])™, r,n > 0 which is not smaller than 1 was considered.)
It remains to show the density. To this end, we observe from Theorem 4.2 in [6] that certain band-
limited Schwartz functions can be used as analyzing shearlets. Now let us recall that the atomic
decomposition in (14) has to be understood as a limit of finite linear combinations with respect
to the shearlet coorbit norm. However, every finite linear combination of Schwartz functions is
again a Schwartz function, hence (14) implies that we have found for any f € SC), ,,, a sequence of

Schwartz functions which converges to f. O

4.3. Traces on the Real Axes. In this subsection, we investigate the traces of functions lying in
certain subspaces of SC,, with respect to the horizontal and vertical axes, respectively.

Theorem 4.3. Let T'ry, f denote the restriction of f to the (horizontal) x1-azis, i.e., (Tryf)(z1) :=
f(z1,0). Then Trp(SCCyp,) C ByL(R) + B2 (R), where

By, (R) + Bp2(R) :={h [ h =h1 + ha, 1 € By },(R), ha € Bp2(R)}
and the parameters o1 and oo satisfy the conditions

5+3 3+1
ol=r——+4+—, o2=r——+—.
1 4 2p7 2 4 »



12 STEPHAN DAHLKE, GABRIELE STEIDL, AND GERD TESCHKE
Note that o1 < g9 for p > 2.
Proof. Using (20) we split f into f = f1 + fo, where
filzr,z2) = Z Z Z c(j, k, l)a%jw(ajxl — & Pkxy — 1y, 0 Pxy — 1y), (21)

J20 |k|<ai/2 l€Z?

folxy,22) = Z Z (4,0, l)a%jw(ajxl — ll,ozj/ng — 1), (22)

j<01ez?

By Theorem 3.3 we can choose 1 compactly supported in [—D, D] x [-D, D] for some D > 1.
Moreover, we can assume that |[D]¢| < 1 for 0 < v < K := max{Ky, K»}, where K1 := 1+ |o1],
Ky := 1+ |o2]| and where D11 denotes the derivative with respect to the first component of ).
Now T'rp f can be written as

Trf(e) = f(@1,0) = > > 3" (kb Datiyp(ade — b, )

JEL |k|<ai/2 €72

=33 Y Y ikl Yatp(adzy — 1y, —o)

JEZ L EZ |k|§o¢3/2 [l2|<D

= Y D AW @) + D> MG )ag, (1)

J>01l1ez j<011eZ
= Trafi(w1) + Trafa(z1),

where for j > 0,

AG ) et S el kb ) (aday — 1y, —ly) if A(j, 1) # 0
aji (1) = |k|<ai/2 [l2[<D

0 otherwise,

)\(]7 ll) = O[%] Z Z |C(ja kallaZQ)‘a

|k|<ad/2 [la] <D

and for j <0
MG ) Trad S (0,0 ba)p(adzy — Iy, —ls) i A1) #0
aj,ll(fvl) = ll2|<D
0 otherwise,
. 3 .
)‘(jvll) = i’ Z |C(]707 llvl2)"
[l2|<D

We have that supp ¢(alxq — 1, —l3) C D@j 1, (R) which is also true for all a;;, and by construction
we know further that |D7a;;, | < o7, 0 < v < K. Thus, the a;;, are Ki-atoms on R. Next, we
consider

: 1
||T7"hf1||Bg}p S (Zaﬂ(vl—%)PZM(j’ll)‘p)p

JEZ l1E€Z

— (TN (Y Y ek w))

>0 LEL  |k|<ai/?|l2]<D

Sl
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Since (Zf\; |2i])? < NP1 Zf\il || and the set {k € Z : |k| < a?/?} contains C'a?/? elements we

can estimate
1
; +§,l . D
ITrfillg, S (Do is) S S e k0P

J=0 |k|<ai/2 IER?
1
S (e Sl kD) S 1 lsc
JEL keZ 1eR?
with r =01 + % — %. In the same way we obtain that
1
; 3_1 _ >
ITrnfollgge S (e 170 3 (i, 0,01)
Jj<0 lER?
1
S (eSS 1eG kD) S Iflisc,.
JEL kEZ 1cR?
with r = 09 + % — %. This completes the proof. Il

By the following corollary the restriction to SCC,,, is not necessary for p = 1.
Corollary 4.4. For p =1, the embedding Tr,(SC1,) C B 1(R) with o =1 — 34 ]% holds true.

Proof. Following the lines of the previous proof, where the summation with respect to k is over Z,

we obtain A ,
|Trnfllsg, S/ CTIPDNTNTN" e(j, k, 11, 12)| < C|| fllsc,
=/ L EZ kEZ |I5|<D
with r = o + % - % and we are done. 4

Let us turn to traces on the vertical axis.

Theorem 4.5. Let Tr,f denote the restriction of f to the (vertical) xo-axis, i.e., (Try,f)(x2) :=
f(0,22). Then the embedding Try(SCCp,) C ByL(R) + B2 (R), holds true, where oy is the largest
number such that
o1+ 1] <2 9+3 d 2 3+1
o r——+—, and o2=2r— -+ —.

1 1] = 2 T 2 5t
Proof. As in (21) and(21) we split f into f = fi1 + fo , where we can choose ¢ compactly supported
in [-D, D] x [-D, D] for some D > 1 and normalized such that the derivatives of order 0 < vy < K
with K := max{K\, Ky}, where K; := 1+ |o01], K2 := 1+ |02] are not larger than 1. By the
support assumption on v we have that

o 9/%(ly — D) z9 < a2y 4+ D),
—kly — D(1 + |k|) I —kly + D(1 + |k]).

Let Iy, :=={r € Z: |r + kmao| < D(1 + |k|)}. Now we obtain that
Tryf(x2) = f(0,22) = Z Z Z (G, b, Datip(—adPkay — 1y, 0822y — 1),

JEZ |k|<ai/? leZ?

< oz <
< <

This can be rewritten as
f(0,z2) = Z Z A, l2)ag i, (z2) + Z Z A, l2)ag, (z2)
j>012€Z j<01l2€Z
= Tryfi(xe) + Try fo(x2),
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where for j > 0,

3+2K . . .
0y (2) =A@ 1) a7 YY" ek, b)Y (=0l Phay — 1y, 002wy — Iy)

|k|§a]/2 Lhel o

if A(j,l2) # 0 and a;,(22) = 0 otherwise and

3+2K
Aj,la) =3 YD el kI, o)

|k|<ad/2 li€l) 1,
and for j < 0,

aj7l2($2) - )‘ ]3 l2 4j Z ,77 O l17 l2 ( lla Oéj/2l‘2 - l2)
||<D

if A(j,12) # 0 and a;,(z2) = 0 otherwise and

A(j l2) = at? j{: c(4,0,l,12)].

1|<D

We have that supp ¢(—aj/2kx2 — 11,0020y — ly) € DQj1,(R), where the cube is considered with
respect to /o now. This is also true for a;;,. For j > 0 we conclude by |k| < o//? that

o Kil2| DVp(—adPkxy — 1y, 09229 — 13)] < @27 and consequently |Daj,| < v < K .
For j < 0 we also have that |[D7a;,| < a7, Thus a;i, are Kq-atoms. We get

l
HTrvfl”B;}p < (Zom >)p Z [A(d: 12) ’p>
= l2€Z
| ' 1
< (Dot radeHmietr 3 T ko)’
>0 |k|<ad/2 IER?
1
< ( a%(glJr +K1** Z Z ’C(j7 k7 l)‘p)p
jez [kl<ai/? l€R?
1
- ( a%(al_g_ +14|o1]— )P Z Z | (j,k’lﬂp);
jez o IR
< (S S X kkor)’
jez keZ 1eR?

A
=
o
ks
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with r > (o1 + [o1] + 5 — %) Analogously we can compute

) 1
ITrfallpz S (3 a7 S G L))

JEZ l2€Z
L(oa—1+2)p . %

< (Y adrr S ey 0,01)

J<0 leR?

1

< (o N kel k0P’

JEZ keZ leR?
S U llsey.

with r = (00 + 3 — %) and we are done. O

4.4. Embedding Results. In this subsection, we prove embedding results of certain subspaces
of shearlet coorbit spaces into (sums of) homogeneous Besov spaces. But first we provide a result
concerning the embedding within shearlet coorbit spaces. In [8, Section 5.7] some embedding
theorems for general L,, ,, coorbit spaces were given. In particular, the authors mentioned that for
a fixed weight m, these spaces are monotonically increasing with p. The following corollary is a
special results in this direction.

Corollary 4.6. For 1 < p; < pa < 0o the embedding SCp, , C SCp, , holds true. Introducing the
’smoothness spaces’ QZ’; = SCp rd(—1)- this implies the continuous embedding
) 27 p

. d d
G € G2, if Tlfp—l:rgfp—Q.

For convenience we add the simple proof.

Proof. By Theorem 3.4 we obtain that

1
1 s S ek D)y, S (30 30 leclik0)) ™,

JEL kL
ec{—1,1}

where ¢ (j, k,1) is the coefficient belonging in the representation (14) with respect to (12) to the
function 7(ea 7, ca~9/%k, Soa—ir2pAa—iTl). Since £, C £y, for p1 < ps we get finally that

1
[ fllscp,r S (Zajrpz( 3 !Ce(j,k,l)\pl)%>”2

jeZ ee{lill,l}
1
S (e 3 lel kD) S Ifllsey
JEZ k,l
ee{—1,1}

Next we state our final result.

Theorem 4.7. The embedding SCCp, C BgL(R?) + BJ2(R?), holds true, where o1 is the largest
number such that

31
2] _ ., 3,1

9 4
01—1—L01J§2r—7—|—5, and o9 — 5 o 1

2
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Proof. By (20) we know that f € SCC,, can be written as

F@)y=>">" > k,Datiy(alzy — o ke — Iy, 07/ 2xs — 1),

JEL |k|<ai/? leZ?

where we can choose 1 compactly supported in [—D, D] x [-D, D] for some D > 1 and normalized
such that the derivatives of order 0 < |y| < K := max{K, Ka}, K; := 1+ |01], K2 := 1+ |02]
are not larger than 1.

We split f € SCCp,, as in (21) and (22) into f; and fo. Then we obtain with the index transform
ll =T — le that

. 3.
A@=>0303) > el ko — kg, lp)ad
J20 |k|<ad/2 l2€Z €L €l(jn1)
xw(ajxl — ' Pkxy — 1 + klo, o 2py — l2)

where I(j,n1) == {r € Z: a??(n; — 1) <r < a?/?ny}.
For j > 0 we set

) L 342K, . .
aj,n1,l2(x) = A(]7n17l2) fa™ o Z Z C(],]{?,T’l - kl27l2)
|k|<ai/2 r1€1(jn1)

xa K2yl — ol Phay — r1 + kg, ofPag — 1y),

if A(j,n1,l2) # 0 and a; , 1,(x) = 0 otherwise, where

3+2Kq .
Ajynlp) i=a” 1 ) oD el ko — ko, o).

[k|<ad/2 11 €1(j;n1)

By the support assumption on 1, the functions appearing in the definition of a;,, m, are only
non-zero if the following conditions are satisfied:

—D<al?zy—15<D, a9y — D)<z <a?(Iy+ D)

and

—D <z — ol Pkay —r + kly < D,

aIr + a_jk(aj/2m2 —1lg) — a D < 21 < alr+ a_jk(aj/2x2 —ls) + a”/D,
aIr — a*j/2(2D) <z < adr+ ij/2(2D),
a I %n, — a_j/z(SD) < 21 < a9 Pn+ a_j/2(2D).

Thus, a;n, 1, is supported in 3DQ;j ., 1,, where the cube is considered with respect to \/a. The

. J . . .
appropriate bounds [D7Va;,, 1,| < a2|7|, |7] < K3 can be derived as in the previous proof. Hence
the functions a; ., ;, are Ki-atoms.

Now we obtain for
fl('r) = Z Z Z )\(]7 ny, l2)aj,n1,l2 ('I)

j>012€Zn1€Z
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that

1l S D af PSS PG )P

JEL lo€Z 1 EL
P
J _g j 342K
= YDt S ST ST S (e ko — ko, 1)
JEZ Io€Z 1 EZ |k|§aj/2 ri€l(jn1)
4
< Za%p(gl+§+Kl_5) DD DT D el ko =k, L)
JEZ l2€ZMEZL |k|<ad/2 r1€l(jn1)
j 9 4
= Y S S ok b
JEZL |k|<ad/2 LLELI2EZL
S llse,,-
In the case j < 0 we obtain with J(j, ng) := {r: a9/2(ny — 1) < < a=9/?ny} that
. ; . . .
fo(z) = Z Z Z ¢(4,0,11, l)atip(alzy — 1y, 0/ 2y — 1)
<011 €ZI2€Z
= 333 > i, 0. m)aiip(adm — b, ol 2wy — 1)
J<O0U1€Zn2€Z rocJ(jn2)
= Z Z Z )‘ j7l17n2 a’j,ll,n2($))
j<0 lleZnQEZ
where
. 4 3-2K5 . ) Ko ) .
ajims () = A l,mg) ta T Z ¢(4,0,11, ) 2 p(alzy — 1y, 09 2xy — 1),
ro€J(j,n2)
. 3—2Ko . i
)‘(jalth) = a 1/ Z ’C(],O,ll,r2)|
ro€J(j,n2)

and a;, n, () := 01if \j;, n, = 0. By the support assumption on 1) we get

Oé_j(llfD) oz_j(l1+D),
a*j/Q(rg—D) < x5 < a*j/Q(rg—i—D) = a*j(ng—QD) < a9 < a*j(ng—i—D).

IN
IN

z1

Consequently, a;, n, is supported in 2DQ;;, ,. Since 1 > /2 > il > 0iK2 for 0 < || < Ko
and j < 0 we obtain further that |D%a; p, 1,| < alK2/24i1/2 < oﬂw so that aj;, n, are Ko-atoms..
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Thus,
. 2 .
1ol S DTSN NG )P
’ JEZ 1EZ no€Z
p
(24 372K ,
D SLEERAREEED DD DY D DI (AN Y
Jj<0 lWEZn2€Z |re€J(j,n2)
. 3 1 K
< YOI N (g0,
7<0 I€R?
< Do SN el kDI
JEZ keZ IeR2
< Al
Whererzag—%—%—%. O

Remark 4.8. An alternative way to obtain trace results would be first to apply the Besov em-
bedding and afterwards the classical trace theorem for homogeneous Besov spaces. Let us briefly
discuss the relation between these different approaches. For simplicity we restrict ourselves to the
positives scales and traces to the xo-axis. Usually an application of trace theorems in Besov spaces
leads to a loss of smoothness of order 1/p, that is Tr(Bg,(R%)) = B;;l/p(Rd_l), see [12]. Let the
coorbit space smoothness index r be fixed. Depending on the concrete values of r and p, the direct
and the indirect approach can yield the same result. However, in specific cases it turns out that
the direct approach is superior as we gain some smoothness: Let 2r — % + % = 2a + « with a € Z
and o € [0,2). Then we have for a € [0,1) by Theorem 4.5 that 01 = a+ . On the other hand, in
case a + ]l) € [1,2) an application of Theorem 4.7 yields SCC,,, C Bg;, where 61 = a+ 1 — ¢ for
arbitrary small € > 0. Consequently, applying the trace theorem for Besov spaces yields smoothness
og1—1/p=a+1l—-c—1/p<a+a=o.

Remark 4.9. Embedding results in Besov spaces have also been shown for the curvelet setting
by Borup and Nielsen [4]. However, the technique used by these authors is completely different.
In contrast to our approach they work in the frequency domain. We prefer to consider the time
domain with flexible atomic decompositions for the following reasons. As already outlined above
time domain techniques provide a very natural way to derive trace theorems which might be very
difficult or even impossible in the Fourier domain. Moreover, since we are working with compactly
supported atoms the treatment of shearlet coorbit spaces on bounded domains, including again
embedding and trace theorems, seems to be manageable. We also think that our approach provides
some advantages for higher dimensions. One natural conjecture would be that the traces of shearlet
coorbit spaces on R? with respect to two-dimensional hyperplanes are again shearlet coorbit spaces.
To prove this conjecture, again flexible atomic decomposition techniques for shearlet coorbit spaces
would be needed. By following the lines corresponding to the Besov space setting there is some hope
that such flexible decompositions can be derived. These questions will be discussed in forthcoming
papers.
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