Continuous wavelet methods in signal processing

P. Maass, M. Ende, D. Kayser, W. Osten, G. Teschke Universität Bremen

1 Introduction

Some of the most complex applications in signal and image processing, e.g. surveying production processes or analyzing meteorological data (air pressure, wind speed, etc.), require online, quantitative estimates of relevant system parameters.

The nature of wavelet methods for these applications has changed considerably over the last five years. Earlier applications were mainly concerned with choosing an appropriate wavelet and computing as well as visualizing the related transforms. These methods were usually based on the fast discrete wavelet transform, they already proved to be successful for a large variety of basic problems in signal and image processing.

Since then the focus has shifted to more complex applications and to the development of adapted tools for an online quantitative evaluation of the resulting wavelet transforms. Moreover, the complexity of these applications often require to compute a full continuous wavelet transform, which requires different algorithms and substantially more computer power compared to the fast discrete transforms. Hence, we will concentrate on recent results concerning continuous wavelet transforms in this short review paper.

This paper starts with a short comparison between Fourier and wavelet transforms and a sketch of some basic properties of wavelet methods. The second chapter describes some recent theoretical developments for continuous wavelet transforms, these results are illustrated by two prototypical applications.

2 Continuous wavelet transforms

Fourier methods still provide the most frequently used tools in industrial signal processing. The Fourier transform correlates a given signal f(t) with pure frequencies f̂(ω) = 1√ 2π ∫ R f(t) e^{−itω} dt .

The maxima of the Fourier spectrum e.g. reveal dominant frequencies in f, i.e. they allow to analyze stationary, periodic or quasi-periodic structures.

However, due to the global support of pure frequencies, the classical Fourier transform fails when investigating local structures like instationary, transient processes. This was the motivation for introducing windowed Fourier transforms, Gf(ω, b) = 1 √ 2π ∫ R f(t) φ(t − b) e^{−itω} dt . The multiplication with a window function φ first localizes the data around t = b before computing its Fourier transform. This procedure yields a time– frequency decomposition of f. Nevertheless, the ability to analyze local structures is limited by the support of φ, which has to be fixed a priori.

The continuous wavelet transform was introduced in the early 80’s in order to overcome this limited time–frequency localization of Fourier methods for non–stationary signals. The wavelet transform correlates the signal f with a shifted and translated test function ψ, (a, b ∈ IR, a ≠ 0):

L_ψf(a, b) = |a|^{−1/2} ∫ IR f(t)ψ ( t − b a ) dt .

This transforms analyzes local features of f at time t = b. The parameter a determines the scale (or size of details) which is examined, the scale becomes finer and finer as a approaches 0.

Many papers have been written on differences and similarities between Fourier and wavelet transforms, for more detailed information see e.g.^{1,2,3}. A pair of functions (ψ, ψ̃) is called a wavelet pair, if it satifies the admissibility condition, ( ψ̂ denotes the Fourier transform of ψ): 0 < ∫ IR |ψ̂(ω)^ψ̃(ω)| |ω| dω < ∞ .

This condition insures that f can be recovered from its wavelet transform L_ψf by f(t) = ∫ IR ∫ IR L_ψf(a, b) |a|^{−1/2} ψ̃ ( t − b a ) dadb a^2 . Some of the most interesting cases arise when ψ = ψ̃, in which case ψ is called a wavelet. The admissibility condition then essentially states that ψ has zero b a

Figure 1: The mexican hat was used to compute the wavelet transform of the chirp signal. The plot on the right shows the extrema of the wavelet transform, they show that the size of details decreases continuously.

mean: ∫ IR ψ(t) dt = 0 . Standard examples for 1d-wavelets are:

• Haar wavelet: ψ(t) =

0 for t < 0 or t > 1 1 for 0 ≤ t < 1/2 −1 for 1/2 ≤ t ≤ 1 ,

• Mexican hat wavelet: ψ(t) = −^{d2}_{dt2} e^{−t2/2} = (1 − t^2)e^{−t2/2},

• Morlet wavelet: ψ(t) = π^{−1/4} ( e^{−iℓt} − e^{−ℓ2/2} ) e^{−t2/2}, this wavelet is parameterized by ℓ whose optimal choice depends on the application.

Figure 1 depicts the wavelet transform of a chirp–signal f(t) = sin ( t^{5/2} ) . This is a typical signal which is difficult to analyse with Fourier or windowed Fourier techniques since its local frequency increases polynomially, or equivalently the size of details decreases. It therefore exhibits a truly multiscale structure. Figure 1 also displays its wavelet transform in the upper (b, a)– plane after thresholding, the local extrema clearly reveal the decreasing size of details.

Most applications in signal processing require more than a visual inspection of the wavelet transform. Therefore we list some of the most important tools for interpretating the wavelet transform. We always start from a mathematical property of L_ψf(a, b) followed by a description of its impact in signal processing.

2.1 Asymptotic behaviour for a → 0

Let us consider the Haar wavelet and its wavelet transform. L_ψf(a, b) then denotes the (weighted) difference between the average of f over the interval [b, b + a/2) and the average of f over the interval [b + a/2, b + a). As a → 0 this approximates the first derivative of f at t = b.

More general one can define the ”order of a wavelet”,^4, depending on the asymptotic behaviour of L_ψf(a, b) as a → 0. E.g. the Haar wavelet is of order 1, the mexican hat wavelet is of order 2.

Lemma If ψ is a wavelet of order k and if f is k–times differentiable at t = b, then |a|^{−k−1/2} L_ψf(a, b) −→ c f^{(k)}(b) as a → 0 . The asymptotic behaviour of the wavelet transform therefore allows a local regularity estimate for f. This pointwise regularity analysis could not be carried out with the Fourier transform, since its asymptotic behaviour as ω → ∞ only yields a global regularity estimate.

In signal processing this property can be used to detect and localize discontinuities (jumps, cracks, defects): L_ψf(a, b) decays to zero at regular points t = b but diverges at points where f is not sufficiently differentiable. More precisely: depending on the mathematical model for the discontinuity one may choose an appropriate wavelet. If e.g. one searches for hidden jumps – they relate to points where f is not differentiable – then an analysis with the Haar wavelet is sufficient to detect those irregularities.

Figure 2 displays the wavelet transform of a smooth function f(t) = e^{−t2/2} with a small defect at time t = 0.2. The Haar wavelet was used in this example.

2.2 Wavelet extrema

The most obvious interpretation of the wavelet transform is based on the local extrema of L_ψf(a, b).

Let us consider the problem of detecting a pattern whose shape is similar to ψ but whose size is unknown. In this case a pattern matching approach with varying pattern size is needed.

The wavelet transform does exactly that: it correlates the signal f with shifted and scaled version of the pattern ψ, hence a local extrema of L_ψf(a, b) reveals

Figure 2: Choosing the Haar wavelet and displaying its wavelet transform reveals discontinuities of the signal. In this case a smooth signal with a small defect at t = 0.1 was analyzed. The plot displays the wavelet transform for b ∈ [−1, 1], a ∈ [0, 0.5].

a searched for pattern of size a at time t = b.

Note that – since wavelets have zero mean – this analysis is independent of shifts by constant. Moreover if ψ has more vanishing moments then the computation is independent of linear or polynomial trends in the data f.

2.3 Indicator function

Suppose that the scale (size) of a searched for pattern is unknown in some application. The scale – energy spectrum or indicator function n(a) = ∫ IR |L_ψf(a, b)|^2 db

sums the L^2–energy of all details on a specified scale. If the energy is evenly distributed over all scales, then n(a) is expected to exhibit a regular decay as a → 0. In any case a deviation or local maxima of n(a) reveals that f has some significant structure on the scale a.

For some classes of functions more specific power laws can be proved. E.g. turbulent signals have decay rates n(a) ∼ a^κ, where κ varies between 5/3 (fully developed turbulence) and 3 (non turbulent flows). This can be used to classify turbulence measurements, see e.g.^5, where wind measurements were evaluated in order to detect cirrus clouds. Similar experiments are presently carried out by D. Handorf, Deutscher Wetterdienst, Potsdam, who is examining antartical wind measurements.

2.4 Wavelets and bandpass filtering

For a fixed value of a one can view the wavelet transform as a convolution of f with a scaled wavelet ψ. The convolution property of the Fourier transform gives the following result.

Lemma: Assume that ψ, f ∈ L^2(IR). The one–dimensional Fourier transform of L_ψf(a, b) with respect to the variable b yields ^L_ψf(a, ω) = c|a|^{1/2}f̂(ω)ψ̂(aω) .

For fixed a the wavelet transform of f can thus be viewed as a bandpass filter with filter function ψ(t/a). Since the admissibility condition forces the Fourier transform of ψ to vanish at ω = 0 this is indeed a bandpass filter with a variing frequency band depending on a. The wavelet transform therefore simultaneously computes bandpass filters for a complete family of frequency bands. For a more detailed description see^2.

3 Mathematical research directions for continuous wavelet transforms

The mathematical research in this field presently centers around two basic questions, namely the construction of wavelets with prescribed properties and the quantitative evaluation of wavelet transforms.

3.1 Construction principles for multidimensional wavelets

The construction of wavelets for continuous transforms differs completely from construction principles for discrete wavelets. In this chapter we will concentrate on recent results concerning multidimensional, anisotropic wavelets for continuous transforms.

For higher dimensional transforms one has to replace the scaling factor a in (1) by an invertible scaling matrix A. This choice is too general: in order to obtain an isometric transform, which e.g. ensures that the adjoint transform constitutes the inverse transformation, one commonly restricts A to a two-parameter family of matrices, see^{6,7} L_ψf(a, θ, b) = |a|^{−n/2} ∫ IR^n f(t) ψ ( 1 a R(θ)^{−1}(x − b) ) dx ,

where b ∈ IR^n, a ∈ IR and R(θ^) denotes a unitary rotation matrix. In the two dimensional case R(θ) = ( cos(θ) −sin(θ) sin(θ) cos(θ) ) , with θ ∈ [0, 2π).

Possible choices for ψ include straight forward extensions of the 1d-wavelets, e.g.

• Mexican hat wavelet: ψ(x) = (1 − |x|^2)e^{−|x|2/2},

• isotropic Morlet wavelet: ψ(x) = π^{−1/4} ( e^{−iℓ|x|} − e^{−ℓ2/2} ) e^{−|x|2/2}. However the related transform a rotational invariant, they exhibit a poor angular resolution. The analysis of directed structures was enhanced by the introduction of the anisotropic Morlet wavelet^6

ψ(x) = exp(ik_0 · x) · exp(− 1 2 |Ax|^2) + corr.term ,

where k_0 ∈ IR^n and A = diag(ϵ^2_1, . . . , ϵ^2_n) with ϵ^2_i ≥ 1, which has been widely used for various applications, see^{6,8,9}.

The search for wavelets with an ”optimal” angular resolution lead to the Cauchy wavelet^{6,10}. Its construction is based on minimizing an uncertainty relation, which measures the resolvable angular distance between different objects. The idea of using uncertanty principles for the construction of wavelets was investigated in^{10}, it uses the classical introduction of wavelet transforms via group representations^{11,11,12,7,13,9} and their related Lie-algebras. The basic 1d-uncertainty principle which stems from the 1d-wavelet transform and the defining affine group is given by

μ^2_ψ(A_b) ≤ 4(‖ψ^′‖^2 − μ^2_ψ(A_b))(‖xψ^′‖^2 − ‖ψ‖^2/4 − μ^2_ψ(A_a))

the minimizing wavelet is ψ = c(x − λ)^α.

This approach has been extended in several directions^{14,9}, a recent result in this field aims at combining the properties of windowed Fourier and wavelet transforms, the resulting transform exhibits a rather rich structure with several approaches for obtaining uncertainty principles and related wavelets,^{15,16}.

Figure 3: Phase representation of wavelet transformed Barkhausen data set.

3.2 phase information

The complex-valued Morlet wavelet is used whenever a Fourier-like multiscale decomposition of a signal f is required. The standard techniques for evaluating the resulting transformed data only uses the real-, imaginary or modulus of the transformed data. However, the phase information φ(a, b) which is defined for 1d-signals by L_ψf(a, b) = e^{iφ(a,b)} |L_ψf(a, b)| exhibits significant structures, which are not fully understood yet. Prominent applications, which utilize phase information are the analysis of ECG-data, 17, and the classification of steel quality via Barkhausen measurements,^{18}, see Figure 3 , which exhibits the phase map of a Barkhausen data set.

The mathematical theory concerning the phase information of wavelet transforms goes back to Morlet,^{19} and was further extended in^{20}. These theoretical results are mainly concerned with the asymptotic behaviour of φ as a tends to zero and the investigation of the phase map for special function classes (progressive functions, Weierstrass function, etc).

3.3 Generalized indicator functions

Computing a Fourier or wavelet transform is only a first step for a quantitative analysis. The transformed data has to be further investigated and - in an optimal setting - to be reduced a single parameter which classifies the searched for quantity. The construction of such indicator functions for certain classes of signals and specific properties is basis for any quantitative wavelet method in signal and image processing.

The scale–energy spectrum of subsection 1.3 was a first example of an indicator function which determines dominant scales in a measured signal. A classical extension of this idea has been used to analyze fractal structures.

Fractal or multifractal structures are natural multiscale objects. They are therefore excellent candidates to demonstrate the usefulness of wavelet techniques.

The above defined indicator function can be refined by determining the decay rates for different energy measures: n(a, q) = ∫ IR |L_ψf(a, b)|^q db . The asymptotic behaviour as a → 0 n(a, q) ∼ a^{D(q)} can be used detect and classify fractal and multifractal structures. For detailed examples and more information how to interpretate D(q) see^{21}.

Recent approaches aim at incorporating the effect of the measurement process, i.e. they assume f itself is not available but rather a data set Af, where the operator A is the transfer function of the measurement device. The development and investigation of indicator functions, which are adapted to this situation, is one of the aims of the DFG-Schwerpunktprogramm ”Mathematical methods for time series analysis and digital image processing”, see http://www.math.uni-bremen.de/zetem/DFG-Schwerpunkt.

3.4 application I: analysis of earthquake data

The twodimensional continuous wavelet transform using wavelets with anisotropic shape and directional sensitivity (the Cauchy wavelets e. g., compare Antoine et al.^6) as described in section 2.1 are an appropriate tool for directional analysis of twodimensional signals. Following the argumentation in section 1.2 wavelet extrema indicate a pattern matching for the associated transform parameters a, b, θ. And so in case of directional wavelets a match for rotation angle θ conforms with a directed feature of the signal along the direction θ. Further the location (according to b) and size (by the value of a) of that feature are determined.

If the wavelet is dilated by large scale values, then small adjacent features of the signal will be captured at once and cannot be distinguished by the wavelet. This makes use of the filter property of the wavelet transform as mentioned at section 1.5. That way chains of single features are collected to a large one. I. e. rotation and convolution could be used to detect onedimensional structures built by earthquakes and their aftershocks.

The spatial analysis of occurance of earthquakes and their aftershocks is based on earthquake catalogues. Each record of such data sets at least contains

Figure 4: A gray-value representation of the seismic activity of the Antofagasta catalogue for the 18th August, 1995, 0:00 h using a model based on Gaussians to mark seismic events. Dark pixels represent small values and light pixels represent large values of the seismic activity (left) and marked areas of all directions detected by the Cauchy wavelet (imaginary part) at scale a = 5.50969 and date d = 18th August, 1995, 0:00 h (right)

the epicenter of the recorded activity in geographic coordinates, the date of appearance, its magnitude as well as the depth of the epicenter. Mapping each event to a spatial point makes it impossible to process such data by the integral transform (1). But earthquakes take effect in an area around of their epicenter. By a standard porcedure one constructs a continuous function to model the seismic activity, e.g. we use Gaussians as representatives for an event exp{−[(x − x_i)^2 − (y − y_i)^2]/2} , and sum them up in a certain time window to model the seismic activity of an earthquake area.

The aim of this investigation is to determine the critical subsurface structures, this preprocessing step allows to characterise the alignment of earthquakes and opens the possibility for a refined subsequent analysis of the spatiotemporal behaviour of earthquakes. Figure 4 shows the model function of the seismic activity constructed from the catalogue of the M_w = 8.0 1995 Antofagasta earthquake for a certain time window in a gray-value representation and the detected directional features. Latter was obtained by calculating the wavelet transform using the Cauchy wavelet and thresholding the wavelet coefficients relatively to the absolute maximum over all coefficients of each computed direction and location at a fixed scale. Then thresholded gray-value representations of each rotation angle were joined into a single image.

3.5 application II: wavelet filters for analyzing interferometric fringe patterns

Detection and classification of material faults is a major task in industrial quality control. In the field of non-destructive testing (NDT), several optical a) b) c)

Figure 5: Application of an isotropic Morlet wavelet filter (b) and a post-processing transformation with an anisotropic gradient wavelet filter (c) to an ”eye”-structure (a)

techniques – like shearography, classical and holographic interferometry – are applied and still are matter of investigation. For all these techniques interferometric fringe patterns (interferograms) are one of the results of the inspection process. Most of them are received by imposing a load (pressure, heat, etc.) to the object and by recording the dynamical change of the patterns during this process in real time. The data can be analyzed in a hybrid opto-electronic processor^{22,23,24}.

The different types of material flaw are indicated by typical sub-patterns which have been divided into five classes^{25}. These sub-patterns can be extracted and distinguished from each other by the application of suiting continuous wavelet transformations^{26}. The wavelet transformations are performed digitally or optically in the Fourier domain using the convolution theorem. One of those sub-patterns is the so called ”eye”-structure (Fig. 5a). Subsequent application of an isotropic Morlet wavelet filter (Fig. 5b) and an anisotropic gradient wavelet filter (Fig. 5c) leads to the easy extraction of the ”eye”-structure. The time-consuming part of this process is the trial of different scales in the continuous transformation.

During the dynamic process these sub-patterns change their exact appearance but not their typical shape. This behavior is exploited for the wavelet extraction process in the way that for the continuous transformation not the wavelet kernel is scaled, but the changing of the interferograms because of local variation of the fringe density is used for the matching (see Fig. 6). For the transformations the scale of the wavelet kernel is kept constant during the convolutions. The left part of every image in Fig. 6 shows the fringe pattern, the right one shows the transformation with an isotropic Morlet wavelet which is well suited for the extraction of the ”eye”-structure in the upper image part.

a) b) c)

Figure 6: Wavelet transformation of a dynamically changing fringe pattern. The matching of the ”eye”-structure in the data (left parts) changes from bad a) to very good c) in the transformations (right parts) which is indicated by the energy concentration in the region of the ”eye”.

While changing the load on the object, the obtained fringe pattern changes slightly. This results in no matching for Fig. 6a and good matching for Fig. 6c.

4 Conclusions

We have only sketched some wavelet techniques, for further and more refined methods the interested reader is referred to available textbooks, see e.g.

3,27,1,28. Research articles on specific fields of applications are published e.g. in

a wavelet series by Academic Press^{29} or in the proceedings of the IEEE/SPIE conferences.

In particular we have not mentioned the application of wavelets for image compression, which is probably the most succesfull topic for wavelet analysis, see e.g.^{30,31}. We have also neglected the applications of wavelet methods for solving operator equations and partial differential equations, see e.g.^{32,33}. Finally we want to mention the ”Wavelet Digest”, the largest worldwide bulletin board for new wavelet developements, for subscritpion contact ”wavelet@math.scarolina.edu”.

Acknowledgements

The work of the author has been partially supported by the Deutsche Forschungsgemeinschaft under grants Os 111/9-1 and Os 111/9-2 as well as Ma 1657/1–5 as part of the DFG-Schwerpunktprogramm ”Mathematical methods for time series analysis and digital image processing”.

1. I. Daubechies. Time-frequency localisation operators: A geometric phase space approach. IEEE Transactions on Information Theory, 34:605–612,

1988.

2. P. Kumar and E. Foufoula-Georgiou. Wavelet analysis in geophysics: an introduction in Wavelets in Geophysics. Academic Press, 1994.

3. S. Mallat. A Wavelet Tour of Signal Processing. Academic Press, 1998. 4. A. Rieder. Wavelet transform on sobolev spaces and its approximation properties. Numer. Math., 1992.

5. M. Quante:. Some aspects of turbulence in the free atmosphere and its relation to cirrus clouds. Proc. Fourth Workshop on ICE/EUCREX, 1991.

6. J.-P. Antoine and R. Murenzi. Isotropic and anisotropic multidimensional wavelets: applications to the analysis of two-dimensional fields. Rapport CERFACS TR/VI/92/7, Toulouse(Coll.”Wavelets and Turbulence”, Princeton, June 1991), pages 1–20, 1992.

7. B. Torrésani. Wavelets associated with represenations of the affine weylheisenberg group. J. Math. Phys., 32:1273–1279, 1991.

8. G. Kaiser. A Friendly Guide to Wavelets. Birkhäuser, Basel, 1994. 9. S. Twareque, J.-P. Antoine, J.-P. Gazeau, and U.A. Mueller. Coherent states and their generalizations: A mathematical overview. Reviews in Mathematical Physics, 7:1013–1104, 1995.

10. S. Dahlke and P. Maaß. The affine uncertainty principle in one and two dimensions. Comp. Math. Appl., 30(3-6):293–305, 1995.

11. A. Grossmann, J. Morlet, and T. Paul. Transforms Associated to Square Integrable Group representations I: General results. J. Math. Phys., 26(10):2473–2479, 1985.

12. B. Torrésani. Some remarks on wavelet represenation and geometric aspects. In: Wavelets:Theory, Algorithms and Applications Series V , World Scientific, pages 91–115, 1994.

13. B. Torrésani. Time-frequency representations: Wavelet packets and optimal decomposition. Ann. Inst. H. Poincaré, Physique Théorique, 56:215–234, 1992.

14. W. Freeden, O. Glockner, and R. Lietzenberger. A general Hilbert space approach to wavelets and its applications in geopotential determination. to appear in Numer. Funct. Analysis and Opt., 2000.

15. C. Kalisa and B. Torrésani. N-dimensional affine weyl-heisenberg wavelets. Ann. Inst. H. Poincaré, Physique Théorique, 59:201–236, 1993.

16. G. Teschke. Waveletkonstruktion über Unschärferelationen und Anwendungen in der Signalverarbeitung. Thesis, submitted to University of Bremen, 2001.

17. A. Aldroubi and M. Unser. WAVELETS in Medicine and Biologie. CRC

Press, 1996.

18. P. Maaß, G. Teschke, W. Willmann, and G. Wollmann. Detection and classification of material attributes - a practical application of wavelet analysis. IEEE Transactions on Signal Processing, 48(08):2432–2438, 2000.

19. A. Grossmann, R. Kronland-Martinet, and J. Morlet. Reading and understanding continuous wavelet transform. In: Wavelets: Time-Frequncy Methods and Phase Space, Inverse Problems and Theoretical Imaging Springer Verlag, 1989.

20. M. Holschneider. Wavelets An Analysis Tool. Clarendon Press, Oxford, 1995.

21. A. Arneodo, F. Argoul, J.F. Muzy, B. Pouligny, and E. Freysz. The optical wavelet transform. Wavelets and their Applications, eds. M.B. Ruskai, G. Beylkin, R. Coifman, I. Daubechies, S. Mallat, Y. Meyer, L. Raphael, Jones and Bartlett pubs., 1992.

22. D. Young, S. Huang, G. Li, T. Koukoulas, M. Heywood, D. Budgett, and C. Chatwin. Implementation and performance considerations of hybrid digital/optical correlator configurations. Proc. SPIE, 1999.

23. S. Krüger, G. Wernicke, W. Osten, D. Kayser, N. Demoli, and H. Gruber.

Fault detection and feature analysis in interferometic fringe patterns by the application of wavelet filters in convolution processors. Journal of Electronic Imaging, 10(1):228–233, 2001.

24. V. Sainov, N. Metchkarov, V. Kostov, and W. Osten. Optical processing of interference patterns. Proc. SPIE, 2000.

25. W. Osten, W. Jüptner, and U. Mieth. Knowledge assisted detection of material faults based on holographic interferograms. Proc. SPIE, 1993.

26. W. Kayser, W. Osten, S. Krüger, and G. Wernicke. Application of wavelt filters for feature extraction in interferometric fringe patterns. Proc. SPIE, 1999.

27. Alfred Karl Louis, Peter Maaß, and Andreas Rieder. Wavelets. Teubner, Stuttgart, 1998.

28. M. Vetterli and J. Kovac̆ević. Wavelets and Subband Coding. Prentice Hall PTR, New Jersey, 1995.

29. C. Chui, editor. Series on Wavelet Analysis and its Applications, Vol.I- V. Academic Press, New York, 1992-1996.

30. H.-G. Stark. Continuous wavelet transform and continuous multiscale analysis. Math. Anal. and Appl., 169(1):179–196, 1992.

31. R. Bischoff, T. Boskamp, V. Dicken, P. Maaß, H. Peters, and H.-G.

Stark. Bilddatenkompression mit wavelet–methoden. Springer Sonderband, BMBF–Projekte Anwendungsorientierte Mathematik, 1996.

32. V. Dicken and P. Maaß. Wavelet–galerkin methods for ill–posed problems. J. Inv. Ill–Posed Prob., 1996.

33. W. Dahmen, S. Prößdorf, and R. Schneider. Wavelet approximation methods for pseudo–differential operators ii. Advances Comp. Math., 1, 1993.